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I. INTRODUCTION 
Buckling problems for a thin elastic plate subjected to unilateral conditions 
have been studied in [2-4]. They are set up in terms of eigenvalues for a system 
of partial differential equations and inequations and can be put in terms of 
eigenvalues for a variational inequality on a Hilbert space 2: The problem is 
reduced to finding a real h and 5 in Z such that 
I is the identity on Z; L is a linear operator (I, describes lateral loading in the 
plane of the plate, which causes the buckling); X is a real parameter measuring 
the magnitude of lateral loading; C is a nonlinear operator (introduced by von 
Karman’s nonlinear theory); 9 is a convex function (characterizing imposed 
unilateral conditions). For all h, 5 = 0 is a solution of the problem, and the 
buckling phenomenon is described by an existence theorem for nontrivial 
solutions, given in [4]. 
The discussion of the bifurcation of nonzero solutions from the trivial one 
5 = 0 is of great interest: The critical load notion is directly connected with 
this problem (see [l]). Our purpose in the present work is to study this question 
under various circumstances, which are described in Section 2; the results have 
been summarized in Results 2.5. We distinguish three problems, which are 
illustrated by the following examples. 
In the first problem, the plate, clamped at the edge, is placed on a rigid 
support. 
The second problem considers the case of a friction law for vertical displace- 
ment on the boundary. 
The third problem considers the case where the plate has a plastic hinge at 
its boundary. 
All these problems can enter into an abstract formulation, given in Section 3. 
The results of this abstract problem are summarized in Theorems 3.3 and 3.7. 
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Bifurcation phenomena (as well as eigenvalue problems) for variational 
inequalities have recently been studied; [2] proposes a solution for the problem 
of the plate placed on a rigid support. A more systematic study has been 
attempted by Beirao da Veiga [5], and Dias and Hernandez [6] for inequalities 
involving monotone operators; but this setting is unsuitable for dealing with 
problems for plates: C is not a monotone operator (except when C = 0, cor- 
responding to the Love-Kirchhoff linear theory; but the classical bilateral case 
study shows that a linear theory cannot explain the buckling). In the present 
work, we analyze the bifurcation for inequality (1.1) when C is compact: this is a 
fundamental property of the nonlinear operator that von Karman’s theory 
introduces. The unilateral conditions retained are those already studied in [5] 
for monotone inequalities: if the approach is different here, the results are 
comparable. In the statement of the results as well as in the proofs, we refer to 
works [4, 8, 93; the useful results are restated in the text. 
2. THE PHYSICAL PROBLEM 
In its natural state, the plate fills an open bounded region Q in the x = (x~) 
plane,1 with a sufficiently smooth boundary c let n be the unit outward normal 
to r, 7 the tangent vector deducted from n by a +rr/2 rotation. The characteristic 
parameters of the plate are: thickness, h; flexural rigidity constant, D; elesticity 
constants, called aaBYs for convenience, with the properties 
a a~v8 = aS,rvS = ay8aB; 
arsvJo;aAv~ b +%DAas , VA,, , symmetric tensor (a, > 0). 
(2-l) 
a 
The deformed state is characterized by the horizontal and vertical displace- 
ments, respectively u = (uJ and 5. p is the normal loading surface density. 
The equilibrium is described by the following von Karman equations, where U 
is the nonlinear strain tensor of von Karman’s theory; u is the plane stress tensor 
(see [I 11). 
DAY - &c&B),a = P,’ (2.2) 
u - 0, a13.B (2.3) 
u,p = %m u Y6 , (2.4) 
VI, = %&) + gx6 > (2.5) 
%&> = H%.* + %J (2.6) 
1 The greek indices take values 1 and 2; we use the summation convention on repeated 
indices. 
2 We use the notation f,. = aflaX, . 
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Green’s formula for von Karman’s plates is proved in [12, 131; we can write 
45, 4 - jQ k,&),a 2 dx = j pz dx + j F(5) z dr - 1 M(5) (Wan) dr, 
R r ‘I- 
(2.7) 
where .z is a sufficiently regular function and where 
@a’> 4 = j GLb + (1 - 4 S..sll~,.~d~~ (24 
R 
Ju7 = -Dba + (1 - v) 5.n8%%:, (2.9) 
F = -D (1 - v) f (I;,,s~,ns) + &l,! . 
I 
c 
) 
(2.10) 
In the same way, we obtain from (2.3) for each sufficiently smooth TJ = (Q): 
i ~44 dx = 
ua8n8ve dr. (2.11) 
R s r 
Thus, various boundary value problems associated with von Karman’s plate 
theory are exhibited by relations (2.7) and (2.1 I). The buckling phenomena we 
are studying in this paper are produced by edge loading in the plane of the plate; 
thus, we impose boundary conditions of the form 
u,gz8 = At, on r, (2.12) 
where t = (t,J are forces acting on r and h is a real parameter characterizing 
the magnitude of the boundary loading. 
Remark 2.1. The buckling phenomenon can be produced by stress sources 
(heating, for example) inside the plate; then, we must replace (2.3) by 
u&*8 = GU:,; the present work can be adapted to this situation. 
We still must write boundary conditions for the vertical deflection 5, and the 
imposed unilateral conditions. For this, we distinguish Problems 2.2. 2.3, 
and 2.4. 
PROBLEM 2.2. Unilateral conditions on the vertical displacement in Q. On r, 
we assume classical conditions for 5; for example, we suppose the plate is clamped 
at the edge; then we have 
5 = 0, a[/% = 0 on r. (2.13) 
Additionally, we suppose that normal loading possesses a superpotential j, 
which is a proper convex and lower semicontinuous (1.s.c.) function from R 
into (- co, + 001 (see [7]); we have 
-P E %5), (2.14) 
where aj(s) = {y E R/j(q) >j(f) + ~(7 - Q, Vv E R} is the subdifferential of 
438 CLAUDE DO 
j at [. Hypothesis (2.15) assures that 5 = 0 is a solution for all real X, and we 
can always suppose (2.16). 
0 E a!(O), (2.15) 
j(0) = 0. (2.16) 
Elsewhere, we assume that 
j(t5) = ?i(f), Vt>O, IfEll& (2.17) 
j(f) > 0 if 5 # 0. (2.18) 
EXAMPLE. The clamped plate placed on a rigid support is the model situation 
of Problem 2.2. In this case, j(S) = -(f + J(.$, where J is the indicator of 
lR+(J(f) = +co if t < 0, J(t) = 0 if f 3 0). Assumption (2.17) is satisfied; 
(2.15) and (2.18) implyf < 0 in Sz. 
PROBLEM 2.3. Unilateral condition on the rotation at the edge. We suppose 
the plate is simply supported at the edge; then 
elsewhere, 
<=O on fi (2.19) 
p =0 in Q. (2.20) 
We assume there exists a superpotential 1, proper convex I.s.c. function on R, 
for the moments M: 
M(5) E aZ(iXJan) on lY (2.21) 
In order to get an eigenvalue problem, we suppose 5 = 0 is a solution for all 
real X, i.e., 0 E al(O); it is always possible to impose the additional condition 
Z(0) = 0; these assumptions are equivalent to 
13 0, Z(0) = 0. (2.22) 
Obviously, 1 can depend on x in r. We assume, moreover, 
qto = W), vt>o, EER; (2.23) 
Qf) > 0, if I #O. (2.24) 
Two examples illustrate Problem 2.3. The first concerns a classical bilateral 
situation, used as a comparison problem in the next section. The second is the 
model situation for Problem 2.3. 
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EXAMPLE 1. The plate is clamped at the edge; the boundary conditions are 
5 = 0, a[/& = 0 on r. Then I is the indicator of (0): Z(0) = 0, Z(E) = --CO if 
[ + 0. This case has been studied in [8]. 
EXAMPLE 2. The plate is provided with a plastic hinge at the edge. Thus 
< = 0 on P, elsewhere, we must choose I([) = 01 / 5 / , (Y > 0 given. From (2.21), 
we obtain 
implies 
implies 
implies 
We observe these relations can also express a friction law for the rotation. 
PROBLEM 2.4. Unilateral conditions on the vertical displacement at the edge. 
We assume the surface loading is zero, (2.25), and the rotation at the edge is 
free, (2.26). 
p = 0 in Q, (2.25) 
M(c) = 0 on r. (2.26) 
Elsewhere, we suppose there exists a superpotential k for the vertical loading 
F on the boundary; k is an 1.~. convex function on R, such that 
-F(s) E aA(t) on r. (2.27) 
In order to obtain an eigenvalue problem, we assume 
0 E ak(o), k(0) = 0. (2.28) 
Obviously, k can depend on x in r. Especially, we suppose the plate is simply 
supported on a part I’, C r, with I’, nonrectilinear and measure r, > 0. This 
condition can be indifferently expressed by (2.29) or (2.30): 
1 ==0 on rl; (2.29) 
x E r, implies k(t) = k(x, 5) = !“+ca ;: ; ; 8: (2.30) 
Finally, we assume 
Vt z 0, [E R, (2.31) 
if t # 0. (2.32) 
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The second example given below is the model situation for Problem 2.4. 
We use the first example (studied in [IO]) as a comparison problem. 
EXAMPLE 1. A simply supported plate with free rotation. We have 5 = 0 
and M(c) = 0 on r. Therefore x! is given by (2.30) with r, = l? 
EXAMPLE 2. Vertical displacement with friction. The rotation is free, hence 
(2.26); in addition, we choose K(t) = CY j [ 1 , CY > 0 given, if x4 r, . From (2.27) 
we obtain 
I F(5)I < a, 
I W)l -=c Q( 
F(5) = -a 
F(5) = a 
implies 
implies 
implies 
RESULTS 2.5. (i) By hypotheses (2.17), (2.23), and (2.31), the work [4] 
is relevant to each of the three previous problems. Therefore: 
There exists a family of nontrivial solutions (h, , u, , 5,. , 
7 > 0), 1, # 0, indexed by all positive reals; in addition, we 
havelim/\,=co,lim~,=~,whenr+co;andlim~,=O (2.33) 
when r -+ 0 (with a meaning specified in [4] and recalled in 
the following). 
The conclusions of the present work (devoted to the bifurcation analysis from 
the trivial solution 5 = 0) are the following. 
(ii) For Problem 2.2. Th ere is no solution which bifurcates from 5 = 0; 
more exactly, )I = co is the only bifurcation value: 
If (A”, P), 5” # 0, is a nontrivial solution sequence for 
Problem 2.2, such that lim 5% = 0, then lim X* = co. 
(2.34) 
This proposition is especially suitable for solutions (h, , &.) exhibited in (2.33), 
when 7 -+ 0. Diagram (a) is a qualitative representation of these solutions. 
(iii) For Problem 2.3. When the plate is clamped (Example I), solutions 
exhibited by (2.33) b f i urcate from 5 = 0; the bifurcation value, called & , is 
the critical loading for the clamped plate (see [S]). We prove that X, is still a 
bifurcation point for Problem 2.3: 
Ifr+O, lim 1, = 0, lim h, = A0 . (2.35) 
Solution (hr , c,) of Problem 2.3 are represented in diagram (b). From the 
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bifurcation point of view, constraints considered in Problem 2.3 are equivalent 
to clamping the plate on all the edge. 
(iv) For Problem 2.4. When the plate is simply supported and the rota- 
tion is free (Example I), the solutions exhibited by (2.33) bifurcate from 5 = 0; 
the bifurcation value, called pcLo is the critical loading of the corresponding 
boundary value problem (see [IO]). In the following, we prove that pu is still a 
bifurcation point for Problem 2.4: 
Ifr-0, lim 5, = 0, limb, =pO. (2.36) 
Solutions (A,. , 5,) of Problem 2.4 are represented in diagram (c). From the 
bifurcation point of view, constraints considered in Problem 2.4 are equivalent 
to maintaining the plate simply supported on all the edges. 
The dotted lines represent solutions for the simply supported plate with free 
rotation on all the edges (Problem 2.4, Example 1); dashed curves represent 
solutions for the clamped plate on all the edges (Problem 2.3, Example 1). 
For the bilateral case where the plate is free on r - I’, and is simply supported 
on r, (with free rotation), the critical loading is called Y,,; the solution exhibited 
by (2.33) is represented in diagram (c). 
Remark 2.6. Diagram (a), concerning Problem 2.2, shows that there is no 
quasi static process which allows one to go from the equilibrium 5 = 0 to 
another equilibrium for which the plate is buckled. 
3. VARIATIONAL FORMULATION-ABSTRACT PROBLEM AND RESULTS 
Variational formulations for the above problems have been given in [4], to 
which we refer for details; we recall only the main points used in the following. 
The functional framework is formed by a Hilbert space 2, which depends on the 
problem considered. # is a convex function on 2. According to the case, Z and 
# are defined as follows. 
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For Problem 2.2: 
2 = H,2(!2), (3.1) 
VW = j-p dx, if j(z) E J?(Q), 
= $03, otherwise. (3.2) 
For Problem 2.3: 
2 = W(9) n H,‘(Q), (3.3) 
t/(z) = lr 2 (g) dr, if 1 (g) ELM, 
= +a, otherwise. (3.4) 
For Problem 2.4: 
2 = {z E IP(Q)/z = 0 on r,}, (3.5) 
I)(Z) = lr k(z) dr, if w4 E wn 
= +cQ, otherwise. (3.6) 
For each of theses situations, the bilinear form a(u, o), defined in (2.8), is a 
scalar product on 2, which defines a topology equivalent to the natural topology 
(in the situation of Problem 2.4, that results from assumption (2.29), with 
(3.7)). Using the scalar product notation, we write (3.8), in simpler fashion: 
r, nonrectilinear and measure I’, > 0, 
a(u, w) = (24, w). 
(3.7) 
(3.8) 
For each problem, we define operators L (linear) and C (nonlinear) with 
properties recalled in (3.13) to (3.22) (see [4]). Then, we have a unique formula- 
tion for the above problems: One must find a real h and 5 in 2 such that 
((I - =) 5 + a, z - 5) + w> - J&z-) 2 0 QZEZ, (3.9) 
where I is the identity on 2. 
The bifurcation analysis for nontrivial solutions of (3.9) from the solution 
5 = 0 is based on the following properties, resulting from assumptions (2.18), 
(2.24), and (2.32). 
#(a) = 0 implies x = 0, 
?w = 0 implies z E Ha2(Q), 
#(a) = 0 implies z E Hz(Q) n Hoi(Q), 
when 4 is detined by (3.2); 
(3.10) 
when # is defined by (3.4); 
(3.11) 
when # is defined by (3.6). 
(3.12) 
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The abstract problem. From the previous study, we can put an 
abstract problem. 2 is a Hilbert space with scalar product ( , ) and norm ;I 1) .
The data are L, linear operator; C, nonlinear operator; #, convex function, with 
the following assumptions (satisfied for the problems described in Section 2; 
see [4]). 
L is a self-adjoint, compact operator on 2; 
(L.? 4 2 0; (Lz, z) > 0 if B # 0. 
C is a bounded continuous nonlinear operator on Z; 
3 a Gateaux-differentiable functional di, 
such that Q(O) = 0 and qz> -= cz; 
(3.13) 
(3.14) 
(3.15) 
(3.16) 
one says that C is a “variational operator”; observe that 
Q(z) = 1’ (C(tz), 2) dt; (3.17) 
C(0) = 09, (3.18) 
(C% 4 3 0; (CZ, z) > 0 if z # 0. (3.19) 
(In the case of plates, this last assumption is satisfied for some boundary con- 
ditions, such that the plate cannot bend without extension; see [14].) Since 
‘I”(O) = 0, we obtain 
@ 3 0; (3.20) 
C is compact; (3.21) 
3p > 1, such that C(tz) < tV(z), and /I Cz /I < c jl z/In (3.22) 
(p = 3 for the plate operator); 
II, is an 1.s.c. convex function on Z; (3.23) 
9(O) = 0, $30; (3.24) 
VW) = tN4 vt > 0, ZEZ. (3.25) 
The following conditions are equivalent: (i) I,+) = 0, 
(ii) z E 2, , where 2, is a closed subspace in Z. 
(3.26) 
PROBLEM 3.1. To find X E R and 5 E Z such that 
((I - XL) 5 + a, z - 5) + ?b(-q - $(5) 2 0 VZEZ, (3.27) 
where I is the identity on Z. 
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With the above assumptions, especially (3.25), we can apply the theory [4] 
to Problem 3.1, and we obtain Theorem 3.2; we put 
F(4 = $ II 27 II2 + @c4 + $w4, (3.28) 
i?A, = {z E Z/F(x) = r}, for r > 0 real. (3.29) 
THEOREM 3.2. Besides the solution 5 = 0 (acceptable for all real h), Problem 
3.1 has a family of nontrivial solutions (h, , 5,. , r > 0), &. # 0, indexed by all 
positive reals. In addition, lim 5, = 0 in 2, when r -+ 0. For each r > 0, 5,. is 
characterized by 
(3.30) 
In the bifurcation analysis from the trivial solution [ = 0, we distinguish 
two cases according to whether 2, is or is not reduced to (0). 
Case 1. 2, = (0). Then, we have: 
THEOREM 3.3. Let (An, ln, n > 0) 5” # 0, a sequence of solutions of Problem 
3.1, such that lim 5” = 0; then 
limhn = +co. 
In other words, only h = +co is a bifurcation point. Observe that this result 
is especially suitable for (A,. , c,), when r ---f 0. 
Case 2. 2, # (0). Then, we introduce a reference problem as follows. 
For each r > 0 real, we put 
i&4,0 = {z E 2,/F(z) = r}. (3.31) 
PROBLEM 3.4. To find 7,. E aA,O such that 
(b 9 TV) = yp’ -4. (3.32) 
1 
This problem (for which Theorem 3.2 is suitable) has been studied by 
Berger [9], who has proved the following result, used in the next theorem: 
THEOREM 3.5. For each r > 0 real, Problem 3.4 has a solution T~; lim q. = 0 
ajcr -+ 0. In addition, there exists a real ffr such that 
((I- UC) ?r + G, > 4 = 0 VZEZ, (3.33) 
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with 
when r - 0, (3.34) 
where u. is the first characteristic value of L. 
Remark 3.6. When # is given by (3.4), 2, = Ho2(Q), by (3.11); then, 
Problem 3.4 corresponds to Example 1 of Problem 2.3; that is the case of the 
clamped plate; Theorem 3.5 describes buckling and bifurcation phenomena 
for this situation (see [8]). In the same way, 2, = H2(Q) n Hoi(Q) when 4 is 
given by (3.6) and Problem 3.4 then corresponds to Example 1 of Problem 2.4; 
that is the case of the simply supported plate. In this situation, Theorem 3.5 
is proved by Berger and Fife [lo]. 
In the next situation of Problem 3.1, the bifurcation phenomenon is described 
by: 
THEOREM 3.7. We assume 2, # 0. Then lim A, = o. when r + 0, where (TV is 
defined in (3.34). 
4. PROOFS 
Proof of Theorem 3.3. We put 5” = 11 5” I/ zn, and we choose z = 0 in (3.27) 
to obtain 
hn(LZn, Zn) 2 1 + (l/II 5” II) #(z”). (4.1) 
Since 5” =f 0, an is a unitary vector sequence in 2; therefore lim zn = z weakly 
in 2, at least for a subsequence. If z # 0, 4(z) > 0 by (3.26), since 2, = {O}. 
By (3.14), (3.23) and compactness of L, we deduce from (4.1) that 
A” 3 WI 5” II), c constant > 0; 
therefore lim An = + co. On the contrary, if z = 0, then 
and we again conclude that lim An = + CO by (3.13). Thus lim A’” = + cg in ail 
situations. 
Proof of Theorem 3.7. The proof consists of comparing 5,. (solution of (3.30)) 
and 7,. (solution of (3.32)) f or small r; the behavior of vr is known by Theorem 
3.5. 
(1”) The definition of 2, , given in (3.26), shows that 
aA,.O = aA, n 2,. (4.2) 
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From this, it follows that 
(-uv f 5,) 2 (L7, > 74 
in addition, // 5, //a < 2r, since 5,. E aA, . From this we deduce: 
(4.3) 
and, by (3.34), 
li~j$(Lb, , L)/ll 5, II”> 2 lh. 
(2”) Choose z = 25, in (3.27), z = 7+. in (3.33): 
hw, 3 5,) d II 1, II2 + car 7 5,) + WA 
%(L7r 3 71) = II 7r II2 + (C7r 9 74 
Writing 5, ,7,. are in aA, , these relations become 
w5, , JJ-,) d 2 + (CL 9 5,) - 2@,(5,), 
4L7r ,7r) = 2 + (c7, > 74 - 2@(7,). 
By (3.17) and (3.22), 
(4.4) 
(Cz, 4 - 2@(4 = ((P - l)l(P + 1)) (Cz, 4; 
therefore 2r < ar(L7? , 7r); next, 
WL , 5,) d %(L7,, 7T) + ((P - l)l(P + 1)) II 5, lIp+l. 
Then, since p > 1, (4.4) assures that 
iii-l sup A, < us . (4.5) 
(3”) We put 5, = II 5, II v,; since 5, # 0, v, is a unitary vector and there 
exists a subsequence with limit 0, still called r, such that lim n,. = v weakly in 
Z.3 We choose a = 0 in (3.27) to obtain 
&(L% 9 4 2 1 4 (l/II 5, II> $w* (4.6) 
If 4(v) # 0, then v # 0 and Ar > c 11 ,. /I-r, c > 0, by (3.13) and (3.14). There- 
fore lim A,. = + 00 when r ---f 0; that is not consistent with (4.5). 
Likewise, v = 0 is impossible, since this assumption should imply lim A, = 
+co by A 3 (Lv, , v&l. 
3 In the context fixed in Section 2, e, is the “bifurcation buckling mode” (see [l]). 
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Thus, since 1~ v, 11 = 1, the only possibility is 
VEZO, ‘u # 0, Ilvll d 1. 
On the other hand, (4.6) implies A;’ < (Lv, , v,.); therefore 
(4.7) 
and 
1 1 
lirn+;up - < - . 
AT 00 
Together with (4.9 this relation assures that 
which concludes the proof. 
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